Abstract. For a symplectic manifold (M, ω) with a relation Q between Chern classes of it and the cohomology class of the symplectic form ω, we construct a crossed homomorphism F Q on the symplectomorphism group of (M, ω) with values in the cohomology group of M and show an application to the symplectic flux group. Moreover we see that F Q descends to a crossed homomorphism on the symplectic mapping class group of (M, ω) and show a nontrivial example of it.
Introduction
There are a lot of works for the mapping class group M of an oriented surface Σ, which is the group of path components of the diffeomorphism group Dif f + (Σ) of Σ with the C ∞ topology. If we take an area form ω Σ on Σ, we also obtain the group S of path components of the group of area preserving diffeomorphisms. By Moser [6] , S is isomorphic to M. Since a symplectic manifold (M, ω) is a highdimensional analogue to (Σ, ω Σ ), the group S(M, ω) of path components of the symplectomorphism group of (M, ω) is considered as a high-dimensional analogue to the mapping class group M.
As works for M, there are constructions of crossed homomorphisms from M to the first (co)homology group of Σ and investigations of them by Morita [7] and by Trapp [11] . In this paper, we carry out an analogy of them in terms of differential forms. For a symplectic manifold (M, ω) with a relation Q between Chern classes of (M, ω) and the cohomology class of the symplectic form ω, we construct a crossed homomorphism F Q from the symplectomorphism group Symp(M, ω) of (M, ω) to the cohomology group of M using Chern-Simons forms or Bott homomorphisms. F Q has a connection with the flux homomorphism which is a homomorphism from the identity component of Symp (M, ω) to H 1 (M ; R). So we can show an application of F Q to the flux group Γ ω for (M, ω), which gives an extension of a result for Γ ω by Kȩdra-Kotschick-Morita [2] . Moreover we show that F Q descends to a crossed homomorphism F Q from the symplectic mapping group S(M, ω) to a quotient of the cohomology group of M and that F Q is generally nontrivial by giving a nontrivial example.
This paper is organized as follows. In section 2, we define our crossed homomorphisms and state the main results. In sections 3 and 4, we introduce some tools for 4816 RYOJI KASAGAWA the proof of Theorem A: Bott homomorphisms and a derivation formula for a curve of pushforward connections. In section 5, we prove Theorem A. In section 6, we give a topological definition of our crossed homomorphisms, which is needed for the computation of a nontrivial example. In section 7, we recall Thurston's theorem for a symplectic fibration and consider diffeomorphisms on it with some properties. These are also needed for the construction of our example. In sections 8 and 9, we show a nontrivial example of our crossed homomorphisms on the symplectic mapping class group.
Definition of our crossed homomorphisms and main results
Let (M, ω) be a closed symplectic manifold of dimension 2n. Let p : J → M be the fiber bundle over M whose fiber at each x ∈ M is the space of positive compatible complex structures on the symplectic vector space (T x M, ω x ). Note that J is a smooth manifold. A section J : M → J is an ω-positive compatible almost complex structure on M . Since the fibers of J are contractible, J is unique up to homotopy. Hence the Chern classes of (M, ω) are defined as those of the complex vector bundle (T M, J). Similarly Chern classes of a symplectic vector bundle (E, ω E ) → N of rank R = 2n over a manifold N are defined. For each invariant symmetric multilinear function q j ∈ I j n := I j (U (n)) of degree j on the Lie algebra u(n), the associated Chern class of (E, ω E ) in H 2j (N ; R) is denoted by q j (E, ω E ). For a complex vector bundle ξ of rank C = n, its Chern class associated with q j is denoted by q j (ξ). Let I n [w] be the polynomial algebra of one variable w with coefficients in the invariant Weil algebra I n = j 0 I j n of U (n). Put
we can consider the cohomology class
We assume that there exists
The pullback bundle p * T M over J has a canonical hermitian structure which is given by the hermitian form The assumption Q(M, ω) = 0 implies
This means that, if we take a U (n)-connection A on p * T M with curvature form
We define the mapF
where α = ϕ * A − A and A t = A + tα. The integrals are relative Chern-Simons forms. Put
) is independent of the choice of connection A, 2k−1 form µ and section J. Moreover the equality ) . This result has already been given by Kȩdra-Kotschick-Morita [2] in the case when [ω] k is proportional to a product of fundamental Chern classes of (M, ω). In the case of k = 1, namely in the case when [ω] is proportional to the first Chern class c 1 (M, ω), Kotschick-Morita [3] proved Γ ω = {0} and that F lux extends to the whole group Symp(M, ω) as a crossed homomorphism. Our crossed homomorphism F Q with Q = w − λc 1 also gives an extension of F lux.
Since F lux is surjective and the restriction of
we have the following proposition.
Proposition C. Under the assumption of Theorem
then it is a subgroup of H 2k−1 (M ; R) invariant under the standard action by Symp(M, ω). Let S(M, ω) be the quotient Symp(M, ω)/Symp 0 (M, ω), which is called the symplectic mapping class group of (M, ω). 
Corollary D. F Q descends to a crossed homomorphism
2n be the projective bundle associated with V ; then it is a symplectic fibration with fiber CP n−1 with the standard symplectic (Fubini-Study) form. By Thurston's theorem in [10] (see also [5] or Theorem 7.1), it is a symplectic manifold with symplectic form ω K for any sufficiently large K > 0. 
is the form corresponding to the i-th
. By Corollary D, we have the crossed homomorphism
Bott homomorphisms
In this section we shall recall Bott homomorphisms (see [12] ) which are useful for our computation.
Let G be a Lie group, but we consider only G = U (n) in this paper. Let
be the vector space of invariant, symmetric, multilinear functions on the k-th product g k of the Lie algebra g of G with values in R.
), where FÃ is the curvature form ofÃ,
The Bott homomorphisms have the following properties:
that is, the equality ∆(A 0 )c = c(F
where
The derivative of a curve of pushforward connections
In this section we shall derive a derivation formula for a curve of pushforward connections.
In the setting of Theorem A, let A be a U (n)-connection on p
the covariant derivative with respect to it. For any ϕ ∈ Symp(M, ω), ϕ * A denotes the pushforward connection of A by ϕ, which is the pullback connection (ϕ −1 ) * A of A by the inverse of ϕ. Here and hereafter we use the same notation for the actions of ϕ ∈ Symp(M, ω) on M , on J and on p * T M. In terms of a covariant derivative, the pushforward connection is given by
). Let J x and K y be two points of J with p(J x ) = x and p(K y ) = y, respectively. Let (U, u i ) and (V, v j ) be local coordinate systems of J around J x and K y with orthonormal frames e = (e 1 , . . . , e n ) for p
For ϕ ∈ Symp(M, ω), we assume ϕ(J x ) = K y and consider it near J x and K y .
Direct computations show the following lemma.
Lemma 4.1. In the trivialization p
* T M| V ∼ = V × C n near K y
with respect to the orthonormal frame f , the covariant derivative with respect to ϕ * A is given by
and its curvature F ϕ * A is given by
where 
where b is the column vector valued 1-form defined by
To begin with, we take ϕ 0 = id and consider the derivative at s = 0. We can assume e = f , b = a and Φ 0 = Ψ 0 = I. Hence we havė
We note that d a and F a define the global objects d A , which are the covariant exterior differential and F A , respectively. It is easy to see that β :=Ψ + ι(Ỹ 0 )a also 
Proof of Theorem A
In this section we shall prove Theorem A. Let (M, ω) be a closed symplectic manifold of dimension 2n and fix
, which can be rewritten as
is independent of the choice of connection A and 2k − 1 form µ.
Proof. Using the properties of Bott homomorphisms in section 3 and the definition of µ, we can easily show df Q (ϕ) = 0 and 
turns out to be a well-defined crossed homomorphism. Let B and ν be another connection and 2k − 1 form satisfying
then it is easy to see that α is a closed 2k − 1 form on J . Putg
Since any ω-positive compatible almost complex structure J : M → J induces the same isomorphism H * (J ; R)
, we have the first part of Theorem A.
Next we prove the second part of Theorem A. We compute the derivative
There is the following derivation formula for Bott homomorphisms or Chern-Simons forms in the general setting. Let P → M be a G-bundle and q ∈ I j (G) an invariant polynomial of degree j. For a connectionθ on the product G-bundle P × I → M × I with coordinate s ∈ I = [0, 1], we consider the corresponding family θ s =θ| s=const of connections on P . Letθ and θ s be another pair. Then we have
(see [12] ). We apply this formula to our situation. Takeθ = A andθ = ϕ s * A, which are connections on p * T M × I, where A is considered as a constant along I. Then we have θ s = A, which is independent of s, and θ s = ϕ s * A with abuse of notation. Take q = q j . In this case, the formula (5.1) and Lemma 4.2 imply d ds
where R j is some 2j − 2-form on J for each j. On the other hand, we have
Using these formulas, properties of Bott homomorphisms and the fact that the interior product is an anti-derivative of degree −1, we have
Let X s be the family of vector fields on M defined by
This proposition is the second part of Theorem A, which concludes the proof of it.
Another definition of the crossed homomorphism
In this section we shall define another map Let pr : (−ε, 1 + ε) × M → M ϕ and pr : (−ε, 1 + ε) × J → J ϕ be the obvious projections for small ε > 0. By considering ω as a closed 2-form on (−ε, 1 + ε) × M which is constant along (−ε, 1 + ε), it descends to a closed 2-form ω ϕ on M ϕ . The pullback bundle p * ϕ T M M ϕ of the tangent bundle T M M ϕ along the fibers also has the canonical hermitian structure. In particular it is a complex vector bundle.
We consider the class
. We identify J with the fiber at 0 :
Recall the notation in section 2: p : J → M is the projection and A is a U (n)- 
by the composition of isomorphisms:
Lemma 6.1. The map
is well-defined, that is, it is independent of the choice of A ϕ and µ ϕ .
Proof. Let B ϕ and ν ϕ be another connection on p * ϕ T M M ϕ and the 2k−1 form on J ϕ satisfying ι *
Proof. For any sufficiently small ε > 0, let λ ε : (−ε, 1+ε) → R be a smooth function satisfying |λ ε (t)| < 2ε, |λ ε (t)| const. independent of ε and
Clearly there exists a family {λ ε } ε of such functions. 
Here d J denotes the exterior differential on J . For any q j ∈ I j n , we have A representative of h Q (ϕ) is given by which implies
For any sufficiently small ε > 0, we have |λ ε | const, |supp(λ ε )| 4ε and |λ ε | ε, hence |B t,ε | const. Take the limit as ε → 0; then we have
This finishes the proof of the proposition.
Here we recall the Leray-Hirsch theorem [9] over R. Let π : Y → X be a fibration over an arcwise-connected CW-complex X with fiber F . Assume that the cohomology group H * (F ; R) is finitely generated and that the induced homomorphism ι * : H * (Y ; R) → H * (F ; R) by the inclusion ι : F → Y is surjective. Then we can take a homomorphism s : H * (F ; R) → H * (Y ; R) of graded modules of degree 0 such that ι * • s = id. We can define an R-module isomorphism
. Back to our situation, we consider the mapping torus M ϕ of ϕ ∈ Symp(M, ω), which is a fiber bundle over S 1 with fiber M . In the case of ϕ * = id on H * (M ; R), we can easily check that the induced homomorphism ι
The following lemma, which is a corollary of the proof of Proposition 6.2, is needed later.
, then the equalities
Proof. By the assumption, it is easy to see that the induced homomorphism
of the inclusion ι : J → J ϕ as a fiber is surjective. Therefore we have the short exact sequences
On the other hand, by the Leray-Hirsch theorem, we have the R-module isomorphismκ
These imply isomorphisms
Under these isomorphisms, we haveQ ϕ =κ ϕ (t
) by the proof of Proposition 6.2. Since any section of the bundle p ϕ : J ϕ → M ϕ is homotopy equivalent, we obtain the lemma.
Thurston's theorem
In this section we shall recall Thurston's theorem [10] (see also [5] ) for a symplectic fibration and consider some related diffeomorphisms.
Let π : M → B be a symplectic fibration whose typical fiber is a symplectic manifold (F, σ). By definition, there is an open covering {U α } of B with trivialization We fix such a τ . Letφ :
Moreover suppose that the induced homomorphismφ
Let V ert and Hor be the subbundles of T M whose fibers at x ∈ M are given by V ert x := ker dπ x and Hor x := (ker dπ x ) τ := {ξ ∈ T x M |τ (ξ, η) = 0 ∀η ∈ V ert x }, respectively. Then we have the splitting T M = V ert ⊕ Hor and the isomorphism
then we haveφ
With respect to the splitting T M = V ert ⊕ Hor, the 2-forms τ, π * β and χφ can be represented by
where A and C are nondegenerate. For each t ∈ [0, 1], put
then we have Ω 0 = ω K and Ω 1 =φ * ω K . Moreover for any sufficiently large K > 0, Ω t is nondegenerate and has the same cohomology class [
. Therefore we can apply Moser's method to them. There is a family of diffeomorphisms η t on M satisfying η *
In particular we have
which implies that the composition
is a symplectomorphism diffeotopic toφ. We have shown the following proposition. [0, 1] . These mapping tori are diffeomorphic to each other as fiber bundles over S 1 . In particular we have the family of diffeomorphisms 
Next we consider (T
Sinceφ is a fiber mapping, we have (φ
* χφ is nondegenerate on V ert for each t because of χφ|V ert ≡ 0. Therefore we have the splitting
Mφ are subbundles of T M Mφ. With respect to the above splitting, we can take matrix expressions
where A and C are nondegenerate; we then havē
Note that T MV Mφ is a symplectic vector bundle over Mφ with symplectic structure 
The first Chern class of a line bundle over a torus
In this section we shall consider the first Chern class of a complex U (1)-line bundle over a torus in preparation for our example.
Let L be a complex U (1)-line bundle over a torus
of L over the identity. Let L h be the mapping torus of h; then it is a complex
be the isomorphism in Künneth's theorem, which can also be considered as the isomorphism (6.1) with ϕ = id and s = p 
where u ∈ H 1 (U (1); Z) is the generator. Using this fact, it is easy to see the following lemma for any b 1.
b be the projective bundles associated with V and V h , respectively. Let L → P (V ) andL h → P (V h ) be the Hopf line bundles. The automorphism h on V induces a fiber mapĥ on P (V ) and a U (1)-automorphismh on L overĥ. The mapping torus Lh ofh is a line bundle over the mapping torus
Clearly the following lemma is true. 
An example
In this section we shall give the nontriviality of our crossed homomorphisms on the symplectic mapping class group, which is the proof of Theorem E.
Let B = T 2n = R 2n /Z 2n be the standard 2n-dimensional torus with the standard coordinates (x i , y i ) n i=1 and the standard symplectic structure β = dx 1 ∧ dy 1 + · · · + dx n ∧ dy n for n 3. Its cohomology ring is given by H * (T 2n ; Z) = (dx i , dy i ) with abuse of notation.
Let L i → T 2n be a complex U (1)-line bundle over T 2n with first Chern class
2n is a complex vector bundle with total Chern class
where β also denotes the cohomology class of β. Hereafter we use the same symbol for a cohomology class and its representative differential form and omit the symbol ∪ of the cup product in cohomological computation. Let π : M = P (V ) → T 2n be the projective bundle associated with V ; then it is a symplectic fibration with fiber 
. , n).
Since we have β j = 0 for all j n + 1, we obtain 
